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1 / 49



Logistics Basic Probability Random Variables & Probability Distributions Simulation

LOGISTICS

Course Website: j.mp/G2001
lecture notes, videos, announcements

Canvas: problem sets, discussion board

Learning Catalytics: in class activities
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LOGISTICS

Reading Assignment- Unifying Political Methodology chs 1-3.

Problem Set 1- Due by 6pm next Wednesday on Canvas.

Study Groups- Sent out this evening.

Discussion board- Post and get to know each other! (Change
notifications)
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OUTLINE

Basic Probability

Random Variables & Probability Distributions

Simulation
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PROBABILITY

Probability is a formal model of uncertainty.

Suppose I roll a die.

What is the probability we roll a 2?
P(X = 2) = 1

6
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PROBABILITY

Probability is a formal model of uncertainty.

Suppose I roll a die.

What is the probability X roll something less than 4?
P(X < 4) = P(X = 1) + P(X = 2) + P(X + 3) = 3

6
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NOTATION AND DEFINITIONS
Sample Space (S): The set of all possible outcomes from some
process.

Event: Any subset of the sample space.

Union: The union of two events A and B, A ∪ B, is the set
containing all elements of A or B.

Intersection: The intersection of two events A and B, A ∩ B, is
the set containing all elements in both A and B.

7 / 49



Logistics Basic Probability Random Variables & Probability Distributions Simulation

AXIOMS OF PROBABILITY

Let S be the sample space and A be an event in S.
1. For any event A, P(A) ≥ 0

e.g. The probability of getting a heads cannot be -1.

2. P(S) = 1 where S is the sample space
e.g. P(heads) + P(tails) = 1

3. For any sequence of disjoint events (A and B),
P(A ∪ B) = P(A) + P(B)
e.g. P(rolling a 3 or rolling a 2) = 1

6 + 1
6 = 1

3
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PROBABILITY EXAMPLE

Speeding Violation No Speeding Violation Total
Car Phone 25 280 305
No Car Phone 45 405 450
Total 70 685 755

Source: http://cnx.org/content/m16835/1.12/

Let’s define C to be the event of having a car phone and S to be
the event of receiving a speeding violation.
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MARGINAL PROBABILITY

Speeding Violation No Speeding Violation Total
Car Phone 25 280 305
No Car Phone 45 405 450
Total 70 685 755

Source: http://cnx.org/content/m16835/1.12/

Marginal Probability: The probability of an event without
including any additional information. Look at the margins!

What is the probability of having a car phone? P(C) = 305
755

10 / 49

http://cnx.org/content/m16835/1.12/


Logistics Basic Probability Random Variables & Probability Distributions Simulation

JOINT PROBABILITY

Speeding Violation No Speeding Violation Total
Car Phone 25 280 305
No Car Phone 45 405 450
Total 70 685 755

Source: http://cnx.org/content/m16835/1.12/

Joint Probability: The probability of some event A and another
event B both occurring (P(A∩B) or P(A,B)). Look inside the
table.

What is the probability of getting a speeding violation and
having a car phone? P(S∩C) = 25

755
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CONDITIONAL PROBABILITY

Speeding Violation No Speeding Violation Total
Car Phone 25 280 305
No Car Phone 45 405 450
Total 70 685 755

Source: http://cnx.org/content/m16835/1.12/

Conditional Probability: The probability of some event A,
given that another event B has occurred (P(A|B)). Condition on
the row/column and then calculate the probability.

What is the probability of getting a speeding violation given
that you have a car phone? P(S|C) = 25

305
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CONDITIONAL PROBABILITY
What if we don’t have such a nice table?

P(A|B) = P(A ∩ B)
P(B)

●

S
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CONDITIONAL PROBABILITY

Note that if:

P(B|A) =
P(A ∩ B)

P(A)

P(B|A)P(A) = P(A ∩ B)
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LAW OF TOTAL PROBABILITY
Law of Total Probability: Let S be the sample space and let the
disjoint k events B1, ...,Bk partition S such that
P(B1 ∪ ... ∪ Bk) = P(S) = 1. If A is some other event in S, then

P(A) =

k∑
i=1

P(A ∩ Bi) =

k∑
i=1

P(Bi)P(A|Bi)

B1 B2 B3 B4

A

What is the P(A) in this figure?
P(A) =
P(B1)P(A|B1) + P(B2)P(A|B2) + P(B3)P(A|B3) + P(B4)P(A|B4)
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BAYES’ RULE

P(B|A) =
P(A ∩ B)

P(A)
Definition of Conditional Prob.

=
P(B)P(A|B)

P(A)
Rearranged Conditional Prob.

=
P(B)P(A|B)

P(B)P(A|B) + P(BC)P(A|BC)
Law of Total Prob.
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SIDE NOTE: BAYES’ RULE

Bayes’ rule will be extremely important going forward.

Why?

I Often we want to know P(θ|data).
I But what we do know is P(data|θ).
I We’ll be able to infer θ by using a variant of Bayes rule.

Stay tuned.

Bayes’ Rule:

P(θ|y) =
P(y|θ)P(θ)

P(y)
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RANDOM VARIABLES

A random variable is a function from S, the sample space, to R
the real line, in other words a numerical value calculated from
the outcome of a random experiment.

e.g. When rolling a two dice, we may be interested in whether
or not the sum of the two dice is 7. Or we might be interested in
the actual sum of the two dice.
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Yi ∼ fN(µi, σ
2)

µi = xiβ

Which of the components of this model is a random variable?

What does this tell us about which is the systematic and
stochastic components?
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Ex. Waiting for the Redline – How long will it take for the next
T to get here?

X =



1 if the redline arrives within 1 minute
2 if 1− 2 minutes
3 if 2− 3 minutes
4 if 3− 4 minutes
...

...
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DISCRETE EXAMPLE
Now, suppose the probability that the T comes in any given
minute is a constant π = .2, and whether the T comes is
independent of what has happened in previous periods.
What’s Pr(X=1)?

Pr(X = 1) = π = .2.

What’s Pr(X=2)?

Pr(X = 2) = (1− π)π = .8 · .2 = .16.

What’s Pr(X=3)?

Pr(X = 3) = (1− π)2π = .82 · .2 = .128

And generally...

Pr(X = x) = (1− π)x−1π = .8x−1 · .2

Which is the Probability Mass Function.
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DISCRETE EXAMPLE
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PMF of X, a Geometric random variable with parameter π = .2.
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CONTINUOUS EXAMPLE
Ex. Waiting for the Redline: an alternative model where Y is
exact time the T arrives.

f (y) = λe−λy = .25e−.25y
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Exponential Distribution

y

f(
y)

Probability density function (PDF) of Y, an Exponential random
variable with parameter λ = .25.
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CONTINUOUS EXAMPLE

Recall that to identify probabilities for continuous random
variables we have to use:

P(Y ∈ A) =

∫
A

f (y)dy.

Pr(2 ≤ y ≤ 10) =

∫ 10

2
.25e−.25ydy

= −e−.25y|10
2

= −e−.25·10 + e−.25·2

≈ .525
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CONTINUOUS EXAMPLE

f (y) = λe−λy = .25e−.25y
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CONTINUOUS EXAMPLE

f (y) = λe−λy = .25e−.25y
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PMFS AND PDFS

Characteristics of all PDFs and PMFs:

1. The support is all values of y where P(Y = y) > 0.
2. Probability mass/density must sum/integrate to 1.
3. P(Y = y) ≥ 0 for all y

Ex.:
1.
∫∞

0 .25e−.25ydy = −e−.25y|∞0 = 0 + 1 = 1
2. .25e−.25y ≥ 0 for all y ∈ (0,∞)
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EXPECTATION OF A RANDOM VARIABLE

Discrete Case:

E(X) =
∑

i

xiP(X = xi)

where P(X = x) is the probability mass function (PMF).

Continuous Case:

E(Y) =
∫ ∞
−∞

yf (y)dy,

where f (y) is the probability density function (PDF).
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OUR RUNNING EXAMPLES...
Discrete Time:

E(X) =
∑

i

xiP(X = xi)

=

∞∑
xi=1

xi(1− .2)xi−1 · .2

= 5

Continuous Time:

E(Y) =

∫ ∞
−∞

yf (y)dy

=

∫ ∞
0

y · .25e−.25ydy

= 4
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EXPECTATION OF A FUNCTION OF A RANDOM

VARIABLE

Now let’s complicate things: suppose we want to find E[g(X)],
where g(X) is any function of X.

Discrete Case:

E[g(X)] =
∑

i

g(xi)P(X = xi)

Continuous Case:

E[g(y)] =
∫ ∞
−∞

g(y)f (y)dy
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OUR RUNNING EXAMPLES...

Suppose we want to find E[g(X)], where g(X) =
√

1 + x.

E[g(X)] =
∑

i

g(xi)P(X = xi)

=

∞∑
x=1

√
1 + x(1− .2)x−1 · .2

E[g(Y)] =

∫ ∞
−∞

g(y)f (y)dx

=

∫ ∞
0

√
1 + y.25e−.25ydy
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OUTLINE

Basic Probability

Random Variables & Probability Distributions

Simulation
Example 1: Finding a Mean
Example 2: Probability
Example 3: Integrating the Normal Density
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THE MONTE CARLO METHOD

Basic idea: rather than calculate quantities analytically using
deterministic formulae, approximate quantities using random
sampling.
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SIMULATING AN EXPECTATION

E(X) =

∞∑
xi=1

xi(1− .2)xi−1 · .2

set.seed(02138)
draws <- rgeom(n = 100000, prob = .2)
mean(draws)
[1] 4.98607

E(Y) =
∫ ∞

0
y · .25e−.25ydy

draws <- rexp(n = 100000, rate = .25)
mean(draws)
[1] 3.994696

Neither of these are perfectly accurate but they become
arbitrarily accurate as n→∞. 35 / 49
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MONTE CARLO INTEGRATION
What we just did was called Monte Carlo Integration, which
means exactly what it sounds like (doing integrals via Monte
Carlo simulation).

If we need to take an integral of the following form:

I =
∫

g(x)f (x)dx

Monte Carlo Integration allows us to approximate it by
simulating M values from f (x) and calculating:

ÎM =
1
M

M∑
i=1

g(x(i))

By the Strong Law of Large Numbers, our estimate ÎM is a
simulation consistent estimator of I as M→∞(our estimate
gets better as we increase the number of simulations).
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SIMULATING AN EXPECTATION OF A FUNCTION

E[g(X)] =

∞∑
x=1

√
1 + x(1− .2)x−1.2

Approach:
1. Draw M = 100000 samples from the geometric

distribution.
2. Calculate g(x(i)) for each.
3. Find the mean of these.

draws <- rgeom(n = 100000, prob = .2)
g.draws <- sqrt(1 + draws)
mean(g.draws)
[1] 2.31169
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SIMULATING AN EXPECTATION OF A FUNCTION

E[g(X)] =

∫ ∞
0

√
1 + y.25e−.25ydy

Approach:
1. Draw M = 100000 samples from the exponential

distribution.
2. Calculate g(x(i)) for each.
3. Find the mean of these.

set.seed(2001)
draws <- rexp(n = 100000, rate = .25)
g.draws <- sqrt(1 + draws)
mean(g.draws)
[1] 2.09005
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OTHER COOL THINGS IN R
What is f(20000)?

## dnorm provides the PDF of the normal distribution
dnorm(20000, mean=40000, sd=10000)

What is the probability that a salary is less that $20,000?

## pnorm provides the CDF of the normal distribution
pnorm(20000, mean=40000, sd=10000)

What value of p satisfies P(X ≤ p) = .95?

## qnorm provides the inverse CDF of the normal distribution
qnorm(0.95, mean=40000, sd=10000)
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OTHER COOL THINGS IN R

For a list of the distributions that have similar commands in R,
go to http:
//www.stat.umn.edu/geyer/old/5101/rlook.html.
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SIMULATION FOR PROBABILITY PROBLEMS

I have an urn composed of 5 red balls and 5 green balls. If I
sample 4 balls without replacement from the urn, what is the
probability of drawing 4 balls all of the same color?
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Approach via simulation:
1. Construct our population (aka our urn).
2. Figure out how to take one sample from it.
3. Figure out a programming rule for determining whether

our condition was met i.e. we drew ”4 red balls or 4 green
balls”.

4. Throw a for loop around it and sample repeatedly.
5. Determine what proportion of times our condition was

successful.
42 / 49
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1. CONSTRUCT OUR POPULATION
Here are some ways to do this:

urn <- c("G","G","G","G","G","R","R","R","R","R")
urn
[1] "G" "G" "G" "G" "G" "R" "R" "R" "R" "R"

# Or
urn <- c(rep("red",5),rep("green",5))
urn
[1] "red" "red" "red" "red" "red"
"green" "green" "green" "green" "green"

# Or
urn <- c(rep(1,5),rep(0,5))
urn
[1] 1 1 1 1 1 0 0 0 0 0

I’ll use the last one because numbers will be easier to use later
on.

43 / 49



Logistics Basic Probability Random Variables & Probability Distributions Simulation

2. TAKE ONE SAMPLE

We need to use the sample() function with the replace =
FALSE argument:

set.seed(1217)
draw <- sample(x = urn, size = 4, replace = FALSE)
draw
[1] 1 1 1 1

44 / 49



Logistics Basic Probability Random Variables & Probability Distributions Simulation

3. DETERMINE IF A SUCCESS OR FAILURE
Because we used numeric signifiers for red and green, there is
an easy test for whether or not we have drawn balls of all one
color. If the numbers sum up to either 0 or 4, then we have a
’success’.

sum(draw) == 4
[1] TRUE
sum(draw) == 0
[1] FALSE

We can combine these test using ‘|’ which means ‘or’

success <- (sum(draw) == 4) | (sum(draw) == 0)
success
[1] TRUE
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4. REPEAT WITH A FOR-LOOP
Here’s our guts so far:

draw <- sample(x = urn, size = 4, replace = FALSE)
success <- (sum(draw) == 4) | (sum(draw) == 0)

We can repeat this over and over 100000 times:

set.seed(1217)
sims <- 100000
success <- NULL
for(i in 1:sims){
draw <- sample(x = urn, size = 4, replace = FALSE)
success[i] <- sum(draw) == 4 | sum(draw) == 0

}
head(success)
[1] TRUE TRUE FALSE FALSE FALSE FALSE
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(4. REPEAT WITH REPLICATE)

For-loops in R are slow. To get fancy:

eval <- function(draw){
success <- sum(draw) == 4 | sum(draw) == 0
return(success)

}

We can use replicate with our function to make the loop faster:

set.seed(1217)
sims <- 100000
success <- replicate(sims, eval(sample(urn, 4, replace=F)))
head(success)
[1] TRUE TRUE FALSE FALSE FALSE FALSE
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5. DETERMINE PROPORTION OF SUCCESS

Two equivalent approaches:

sum(success)/sims
[1] 0.04846
mean(success)
[1] 0.04846

So the probability of selecting 4 balls of the same color is
approximately 0.05.
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WHY IS THIS USEFUL?
I Math is hard or impossible and takes too long.
I Consider trying to integrate

I(f ) =
1√
2π

∫ 1

0
e−

x2
2 dx

Which is the standard normal density and cannot be
evaluated in closed form.

I How could we solve this?
1. Sample 1000 points, X1, . . . ,X1000, uniformly distributed

over the interval (0, 1).
2. Evaluate the function at each of these points and take the

mean.

1
1000

(
1√
2π

) 1000∑
i=1

e−
X2

i
2
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QUESTIONS

Questions?
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